We introduce the notion of a C * -algebra-valued b-metric space. We generalize the Banach contraction principle in this new setting. As an application of our result, we establish an existence result for an integral equation in a C * -algebra-valued b-metric space.
Introduction
The Banach contraction principle [] , also known as the Banach fixed point theorem, is one of the main pillars of the theory of metric fixed points. According to this principle, if T is a contraction on a Banach space X, then T has a unique fixed point in X. Many researchers investigated the Banach fixed point theorem in many directions and presented generalizations, extensions, and applications of their findings. Among them, Bakhtin [] introduced a prominent generalization of the idea of a metric space, which is later used by Czerwick [, ] . They introduced and used the concept of real-valued b-metric space to establish certain fixed point results. The idea clearly is an extension of the metric space as follows from the following definition.
Definition . ([]
) Let X be a nonempty set, and b ∈ R be such that b ≥ . A b-metric on X is a real-valued mapping d b : X × X → R that satisfies the following conditions for all x, y, z ∈ X: an element a ∈ A such that a = a * and its spectrum σ (a) ⊂ R + , where σ (a) = {λ ∈ R :
λ A -a is noninvertible}. The set of all positive elements will be denoted by A + . Such elements allow us to define a partial ordering ' ' on the elements of A. That is,
If a ∈ A is positive, then we write a  A , where  A is the zero element of A. Each positive element a of a C * -algebra A has a unique positive square root. From now on, by A we mean a unital C * -algebra with identity element  A . Further,
Main results
In this section, we extend Definition . to introduce the notion b-metric space in the setting of C * -algebras as follows.
Definition . Let
A be a C * -algebra, and X be a nonempty set. Let b ∈ A be such that Thus, the class of ordinary C * -algebra-valued metric spaces is clearly smaller than the class of C * -algebra-valued b-metric spaces. In fact, there are C * -algebra-valued b-metric spaces that are not C * -algebra-valued metric spaces, as illustrated by the following example.
Example . Let X = p be the set of sequences {x n } in R such that
The claim follows from the following observation in []:
Note that here d b is not a usual C * -algebra-valued metric on X. 
T has a unique fixed point in X.
Proof If A = { A }, then there is nothing to prove. Assume that A = { A }. Choose x  ∈ X and define inductively a sequence {x n } by the iterative scheme as
Then it follows that x n = T n x  for n = , , , . . . . From the contraction condition () on T it follows that
where
. Now suppose that m > n; then the triangle inequality (BM) for the b-metric d b implies
which follows from the observation that the summation in the first term is a geometric series, and b a
proves that {x n } is a Cauchy sequence in X with respect to A, and from the completeness of (X, A, d) it follows that x n → x ∈ X, that is,
We claim that x is a fixed point of T. In fact, from the triangle inequality (BM) and the contraction condition () we have:
This shows that Tx = x. To prove that x is the unique fixed point, we suppose that y ∈ X is another fixed point of T. Then again from the contraction condition () we have
Using the norm of A, we have Note that BL(L  (E)) is a C * -algebra with usual operator norm. For S, T ∈ X, define
is the product operator given by
Working in the same lines as in [] , Example ., we can show that (X, BL(L  (E)), d b ) is a complete C * -valued b-metric space. With these settings, suppose that there exist a continuous function f : E × E → R and a constant  < α <  such that for all x, y ∈ X and u, v ∈ E, we have
where K is a function from E × E × R to R, and sup t∈E E |f (u, v)| dv ≤ . Then the integral equation 
